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Abstract
In this paper, the statistical distribution of the received quadrature amplitude modulation (QAM) signal components is
analyzed after propagation in a dispersion uncompensated coherent optical fiber link. Two Gaussian tests, the AndersonDarling and the Jarque-Bera have been used to measure the distance from the Gaussian distribution. By increasing the
launch power, the received signal distribution starts to deviate from Gaussian. This deviation can have significant effects in
system performance evaluation. The use of the Johnson
distribution is proposed for the performance evaluation of
orthogonal frequency division multiplexing in an uncompensated coherent optical system. Here, the Johnson
is extended
to predict the performance of multi-subcarrier and also single carrier systems with M-QAM signals. In particular, symbol
error rate is derived based on the Johnson
distribution and performance estimations are verified through accurate MonteCarlo simulations based on the split-step Fourier method. In addition, a new formulation for the calculation of signal to
noise ratio is presented, which is more accurate than those proposed in the literature. In the linear region, the Johnson based
estimations are the same as Gaussian; however, in the nonlinear region, Johnson
distribution power prediction is more
accurate than the one obtained using the Gaussian approximation, which is verified by the numerical results.

Keywords: Coherent optical fiber link; Gaussian distribution; Johnson

distribution; nonlinear transmission
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1- Introduction
Modeling of nonlinear propagation in coherent optical
communication systems is of fundamental to predict
system performance. In particular, [1], [2], [3] present a
practical survey on modeling of nonlinear propagation in
uncompensated transmission (UT) systems. Although, the
propagation of light in optical fiber channels is properly
modeled by the non-linear Schrodinger equation, it is
difficult to attain an accurate statistical model of nonlinear
fiber channel [4] because of the non-Gaussian behavior of
noise [5].
In this context, the Gaussian-Noise model (GN-model) is
known as an accurate and acceptable reference model that
is applied in different system scenarios for coherent optical
communication. This model has been successfully used in
system design, analysis and network optimization.
However, in some scenarios such as strong nonlinear
propagation and low dispersion the accuracy of the GNmodel is reduced. Therefore, various models with higher
accuracy have been suggested in many different scenarios
[6], [7], [8].
* Corresponding Author

In long-haul propagation, amplified spontaneous emission
(ASE) noise and nonlinear interference (NLI) caused by
the Kerr effect are pointed out as the two main system
impairments [5]. As demonstrated in [9], the use of an
inaccurate signal statistic can dive more than 500 km error
in reach prediction of a fiber-optic transmission system.
This statistical deviation of received signal histogram from
Gaussian distribution is measured using two powerful tests
named Kolmogorov-Smirnov and Anderson-Darling (AD)
[10] , [11] and is shown in different scenarios.
To overcome the inaccuracy of Gaussian distribution,
some enhanced methods have been introduced in [12] to
improve the accuracy of the GN model. In some cases, a
correction factor has been applied to achieving more
accuracy in different systems, like coherent optical
orthogonal frequency-division multiplexing (CO-OFDM)
[10], [13], [14].
The much of the literature is focused on calculating the
moments of propagated signal based on a simple Gaussian
assumption, which requires the estimation of just one
moment (the variance). However, the non-Gaussian
distribution of the signal after highly nonlinear
propagation is not compliant with this assumption and the
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estimation of higher moments of the received signal
statistics is required, it as shown in [11]. The NonGaussian behavior of propagated signal is included in an
enhanced version of the GN model, named EGN, that
takes into account for high order moments of the signal
[15]. The Gaussian assumption of the received signal starts
to be inaccurate at the nonlinear threshold, as shown in
[11]. The typical operating parts of optical systems fall
around this threshold. Therefore, an accurate model in this
region can play an important role.
The use of Johnson
distribution for BER calculation
was proposed for the first time in [11], [16] in CO-OFDM
system with different modulations. The accuracy of the
Johnson
based methods were verified using both
analytical and numerical results. The study presented in
this article seeks to further extend the use of the Johnson
distribution statistic for the performance evaluation of
other coherent optical UT systems with different kinds of
modulation and signals ([11] and [16] were only focused
on OFDM signals) which is presented in [17], briefly.
Single carrier M-QAM signals are the first aim; next,
multi-subcarrier (MSC) QPSK transmission systems are
considered because of their higher nonlinear robustness
[18/], [19/], [20/], [21/]. We also analyzed the performance
of proposed method in dual polarization systems.
Therefore, we investigate the Gaussian assumption
accuracy of the propagated signal components in different
modulation and signals to extend Johnson
distribution
applications. The deviation of nonlinear noise pdf from
Gaussian is measured using two well-known pdf tests,
namely, Jarque-Bera (JB) and AD. Johnson
pdf
includes higher-order statistics to achieve a more accurate
prediction. We report the obtained SER through direct
error counting in the Monte-Carlo (MC) simulation based
on the split-step Fourier method (SSFM), and the
difference from (a) the GN-model based SER estimation
and (b) Johnson based method.
The rest of the paper is organized as follow. Section 2
describes the system model which section 3 introduces the
Mathematical Preliminaries of system performance
evaluation through UT over fiber optic. The statistical
features of propagated signal is evaluated and Johnson
pdf is suggested for more accuracy. Finally, Johnson
is
applied for BER evaluation in Section 4. Conclusions are
presented in Section 5.

Fig. 1 Top: link structure. Bottom: coherent receiver block diagram.

Fig. 2 The spectrum of output signal in a MSC Tx with 32 GHz
bandwidth and 250 MHz channel spacing.

2- System Model
The diagram of the investigated coherent system is
illustrated in the top part of Fig. 1. The optical32 Gbaud
M-QAM signals are generated in electrical domain and
then modulated onto an optical carrier at a desired
wavelength using an optical modulator Mach-Zehnder
modulator (RF/optical converter). Without any loss of
generality, calculations are accomplished in baseband. 32GHz Nyquist-shaped frequency spectrum is divided into
electrical subcarriers for the case of MSC electrical
multiplexing. In addition, square-root raised-cosine spectra
with
is used as shown in Fig. 2. Independent
pseudo-random binary sequences (PRBSs) are used in all
MSC channels.
The generated optical signal is fed to the optical channel,
consisting of
fiber spans with
(km) length and
each span followed by an erbium-doped fiber
amplifier (EDFA), which completely recovers the span
loss. On the other hand, EDFA accumulates ASE noise in
each span. Therefore, the overall length of the channel is
. Two typical fibers, i.e. non-zero
dispersion shifted fiber (NZDSF) and standard single
mode fiber (SMF), are used. The fiber parameters (i.e. the
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dispersion , the attenuation
are reported in Table 1.

, and the nonlinearity )

system as an advantage of digital signal processing (DSP).
Signal components at the output of the two balanced
photodetectors are sampled at enough rate for DSP. By
using data-aided DSP algorithms linear propagation effects
such as CD are completely compensated. Moreover, phase
and amplitudes of in-phase and quadrature of received
signals are accessible. In dual polarization systems a
parallel system is needed at transmitter and receiver, with
a different polarization which is completely independent of
the other polarization.

3- Mathematical Preliminaries

Fig. 3 Typical measured 16-QAM constellation after the dispersion and
phase noise compensation in the receiver

The Kerr effect is the origin of nonlinear effects, which are
classified as self-channel interference (SPM-like), crosschannel interference (XPM-like) and multi-channel
interference (FWM-like). The predominant effect in
uncompensated optical systems is FWM or multi-channel
interference, which generates new signals through the
nonlinear combination of the propagating signals at
different frequencies. This nonlinear interference can be
modeled as additive noise on the constellation symbols, as
shown in Fig. 3 [8].
Table 1: Parameters of simulated systems

The ASE noise is the main source of linear noise, which is
added by the EDFAs and can be modeled as an additive
stationary Gaussian noise with variance [5]:
(1)
where
are the noise figure of the optical
amplifier, the absolute light frequency, the Planck constant,
and the reference bandwidth, respectively.
In the bottom part of Fig. 1, a standard coherent receiver
is shown, which is used in this paper. The local oscillator
(LO) is mixed with the signal in a 90-degree hybrid. In this
paper we neglect the effects of LO alignment and
linewidth, which is a practical assumption in coherent

This section presents the principle of signal propagation
through the UT optical fiber, together with the relevant
basic mathematical equations. Later, the statistical model
of the received signal is derived. A new modified signalto-noise ratio (SNR) is derived based on Johnson
distribution. Then, the deviation of the propagated signal
pdf from the Gaussian distribution is measured using the
AD and JB Gaussianity tests.

3-1- Gaussianity Tests
For BER evaluation, focusing on the pdf tail is essential
and is a better tool for checking pdf. At first glance, the
received signal histogram fails accurate Gaussianity tests,
particularly when looking at the far tails of the distribution,
especially in systems with low BERs. Gaussianity tests are
powerful tools for evaluating the extent of deviation of the
random sample histogram from Gaussian distribution. The
Gaussianity of the symbols pdf is tested by computing the
statistics of the JB and AD tests that are described in the
following:
AD Test: This test measures the difference between two
population sets. The most encouraging point with the AD
test is that it focuses upon the difference between the tails
of two distributions. If ordered data,
, come from
a distribution with cumulative distribution function , the
formula for the AD test statistic is,
where
[22/]
(2)
∑
( ( ))
(
(
))
For measuring the distance with Gaussian distribution,
( )
equals
( )
where ( )

√

∫

(

)

.

JB Test: JB test is the second test that is utilized to
measure the difference between the histogram of received
samples and Gaussianity. Here, the main tools are
skewness and kurtosis of the received samples. The test
statistic is defined as [23/]:
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(

(

)

)

(3)

where K and S denote kurtosis and skewness of the
observed samples, respectively.
It should be mentioned that
and
are two metrics and,
if the pdf of received samples are Gaussian, the result of
both tests will be zero. For non-Gaussian pdf,
and
are not zero, and higher values of these metrics mean more
distance from Gaussian.
Note that the AD test focuses on the difference between
the tails of distributions and the JB test measures
Gaussianity using higher order moments.
The system described in Fig. 1 is simulated numerically
using the SSFM as a benchmark according to the
simulation parameters are reported in Table 1. Linear and
nonlinear effects are considered in propagation and then at
the receiver linear propagation effects such as CD and
constant constellation rotation are compensated. The
accuracy of the fit is measured for all symbols of
constellation by gathering all symbols to center by
subtracting the estimated mean value of each symbols. In
each test, the results of real and imaginary parts are
summed and plotted for different launch powers.

Fig. 5 JB test results for system (B) with 60 80 (km) NZDSF link and
with 4-QAM signals.

Fig. 6 JB test results for system (A) with 65 100 (km) SMF link and
with 4-QAM signals.

Fig. 4 AD test results for system (B) with 60
4-QAM signals.

80 (km) NZDSF link and

The AD and JB tests results are shown in Figs. 4 and 5 for
a
(km) NZDSF link (system (B) in Table 1) with
4-QAM signal. Nonlinear threshold is the start point of
nonlinear effect where test values diverge from zero
(Gaussian pdf). This divergence means that the pdf of
received samples changes where nonlinearity begins to
affect. The JB and AD test results are again done for
system (A) of Table 1 with
(km) SMF link and
the results are shown in Figs. 6 and 7. The tails (AD test)
and high order statistics (JB test) of the distribution of the
received signal are different from Gaussian pdf in
nonlinear region and this may significantly affect SER
calculations.

JB and AD tests are used in the systems with 16-QAM and
64-QAM signals. These two modulations are transmitted
over in SMF and NZDSF systems with different span
numbers. The results, shown in Figs. 8 and 9, demonstrate
that, in a system with NZDSF, received signal distribution
deviates from Gausianity (zero value) at lower powers
than SMF, which confirms higher nonlinearity of NZDSF
)
(0.002 (
) in comparison with SMF
(
) ). Moreover, over SMF, the results of
(
JB and AD tests show that Gaussianity at the end of span
number 8 is more than at span number 6. This can be the
effect of high CD in SMF. However, in NZDSF
Gausianity of received signal after 6 spans propagation is
more than 8 spans; because nonlinear effect is dominant
respect to CD in NZDSF.
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(4)
(√

)

and in general for rectangular M-QAM we have
(5)
(
)
(√
))
√
(
)
It is apparent that using Gray coding:

Fig. 7 AD test results for system (A) with 65 100 (km) SMF link and
with 4-QAM signals.

In the next section, Johnson
distribution is used for SER
evaluation, and the obtained results are compared to those
achieved using other methods.

Fig. 8 JB test results for systems (A) and (B) with different span number
and dual polarization 16-QAM signals.

( )
(6)
SNR in a multi-span optical fiber link has an NLI
component which is added to ASE noise and SNR can be
written as [24/]:
(7)
where is signal power,
and
are ASE noise and
nonlinear noise variances, respectively.
Eq. (4) is achieved assuming that the propagated signal in
nonlinear optical fiber has a Gaussian pdf. However, it is
demonstrated in Figs. 4 - 9 that received signal histogram
is not Gaussian after nonlinear threshold and nonlinear
region. According to JB test, 3rd and 4th moments of
propagated signal are not zero and we can use them to
increase the accuracy of performance estimation, which
was proposed also in [25/].
In this way, we proposed in [11] and [16] to use the
Johnson
as a four-parameter distribution with two more
degrees of freedom with respect to Gaussian pdf for
distribution fitting. Johnson
pdf is a transformation of
the standard normal pdf [26/] by applying 4th and 3rd
moments of noise statistic. Because of symmetry of FWM
effect, 3rd moment is set to zero, as mentioned in [11],
[16] and we just use the 4th moment as an additional
degree of freedom to improve the accuracy of system
performance prediction. According to Johnson
pdf a
close form relationship between BER and SNR can be
written as [11]:
(8)
(
(
))
√
where
,
, and
are parameters of Johnson
distribution that are equal to:
̂
(9)
̂
̂
( ̂)
̂

Fig. 9 AD test results for systems (A) and (B) with different span number
and dual polarization 16-QAM signals.

3-2- New SNR
The BER of any coherent communication system with 4QAM signals in an AWGN channel is as follows [26/]:

√

̂
̂

where,
̂

[( ̂

(10)
)

and
̂
̂

̂

]
(11)
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̂ , ̂ , and ̂ are first, second and fourth central moment
estimations, respectively [27/]. The hat sign means
numerical approximation of parameters. By comparing
Eq.(4) and Eq.(6), the following relationships between the
SNR and the parameters of the Johnson
distribution are
obtained:
(12)
√
(
)
√
Therefore,
is equivalent to
( ) , which can
√
thus be interpreted as a new modified version of SNR.
This modified SNR version depends on
as the
th
representative of 4 moment in addition to the , which is
the representative of signal and noise powers.
The new SNR can be extended to higher order
modulations M-QAM with rectangular constellation like
16-QAM and 64-QAM as follows:
(13)
(
)
√
(
)
√ (
)

where s are the received samples.
Johnson
distribution parameters can be calculated using
Eqs. (9) - (11) according to estimated , , and . In
this method, SER is calculated using Eq. (14) for
rectangular distributions.
It should be mentioned that there is an assumption in Eq.
(14) and (5) that is the symmetry of distribution which is
correct for both Johnson
and Gaussian. Therefore, SER
calculation is done just for in-phase or quadrature part.
SER versus launch power estimated using the three
methods described above shown in Fig. 10. A 40 80 (km)
NZDSF system was simulated, using the parameters
reported in Table 1, column (B). According to Fig. 10, in
nonlinear region, Johnson
distribution will achieve
about 1 dB better power prediction at
than
Gaussian. The simulation of Fig. 10 is repeated for the
system (A) with 60 100 (km) SMF spans. This means that
there is 60 numbers of 100 km SMF spans. The results
shown in Fig. 11 confirm the higher accuracy of proposed
method over SMF, as well.

and the symbol error rate (SER) can be written as:
(14)
(

√

)

(

(
√ (

))
)

The method of moments is applied to calculate the
Johnson distribution parameters from 2nd and 4th
moments of received signal, numerically.

4- Results and Discussion
Here, three methods are used for estimating the SER as an
important parameter of system performance:
- SSFM: as a benchmark to measure the accuracy of
the two other methods.
- Gaussian numerical: uses the estimated variance ,
and mean ,
of the constellation points (see Fig. 3).
We assume that in-phase and quadrature parts of received
signal are i.i.d [6]. If , and mean ,
belongs to
the corners of the constellation for rectangular M-QAM.
Based on the Gaussian approximation, Eq. (5) can be used
for SER calculation.
- Johnson numerical: pdf parameters (
) of
received sampled signal are needed to calculate SER semianalytically using the Johnson
distribution. Estimating
and
is straightforward, similar to the second method,
and fourth central moments , is estimated numerically as
follows:
(15)
)
̂
∑(

Fig. 10 Performance comparison among three methods in 40 80 (km)
NZDSF UT link with parameters of System (B) according to Table 1 and
4-QAM signals.

Fig. 11Performance comparison among three methods in 60 100 (km)
SMF UT link with parameters of System (A) according to Table 1 and 4QAM signals.

SMF has a higher CD and a lower nonlinearity in
comparison with NZDSF which results in more Gaussian
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received samples and therefore Gaussian based method in
Fig. 11 is closer to MC than in Fig. 10.
The accuracy of the proposed method was also assessed in
a WDM scenario with 50 GHz spacing. The results over
NZDSF (see Table 1, column B) are shown in Fig. 12
where the higher accuracy with respect to the Gaussian
based method is confirmed.
In Figs. 13, 14, 15 and 16 Johnson
distribution is used
for performance evaluation in MSC systems with different
subcarrier number and frequency spacing. The
performance improvement is clear in this four figures
when the spectrum is divided into 8 and 4 parts with 4
GBaud and 8 GBaud symbol-rate each, respectively. It
means that by dividing the spectrum into 4 or 8 parts,
nonlinear effects fall down and system can reach more
distances with desired performance.

Fig. 12 Performance comparison among three methods in 40 80 (km)
NZDSF UT 5-channel WDM link with parameters of System (B)
according to Table 1 for each channel and 4-QAM signals.

By comparing Figs.13 and 14, it can be concluded that 8subcarrier spectrum have more robustness than 4subcarrier spectrum against nonlinearity. It is also apparent
that the proposed Johnson
based method is more
accurate than the Gaussian methos in all analyzed
configurations and SER prediction error is reduced to less
than 0.1 order of magnitude in SMF links. According to
Figs. 13-16, system performance can improve of about one
and more than one order of magnitude in SMF and
NZDSF links, respectively.
The performance evaluation of MSC is again done for
system (B) scenario, as is shown in Figs. 15 and 16. In
MSC system with 8 subcarriers and 500 MHz spacing of
Figs. 15 and 16, there is more than 0.5 order of magnitude
SER deviation at -2 dBm launch power and more than 1.5
dB power prediction error using Gaussian based method at
. The frequency spacing in Fig.16 decreased
to 250 MHz, which can increase nonlinear effect. It is also
shown that the proposed Johnson
based method is more
accurate than the Gaussian methods in NZDSF based links.
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Fig. 13 Performance comparison among three methods in 65 100 (km)
SMF UT link with parameters of System (A) according to Table1 and 4QAM signals. Blue dotted curves belong to numerical SSFM.

Fig. 14 Performance comparison among three methods in 65 100 (km)
SMF UT link with parameters of System (A) according to Table1 and 4QAM signals. Blue dotted curves belong to numerical SSFM.

Fig. 15 Performance comparison among three methods in 45 80 (km)
NZDSF UT link with parameters of System (B) according to Table1 and
4-QAM signals. Blue dotted curves belong to numerical SSFM.
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Fig. 16 Performance comparison among three methods in 45 80 (km)
NZDSF UT link with parameters of System (B) according to Table1 and
4-QAM signals. Blue dotted curves belong to numerical SSFM.

Fig. 18 Performance comparison among three methods in 3 100 (km)
SMF UT link with parameters of System (A) according to Table1 with
dual polarization 64-QAM signals.

SER versus launch power estimated using the three
methods, described above, is shown in Figs. 17 and 18. A
10 100 (km) and a 3 100 SMF based link is simulated,
using the parameters reported in Table 1, column (A). It
can be seen from Fig. 17 and 18 that, in nonlinear region,
Johnson distribution works better than Gaussian, and the
performance fits to the SSFM results more accurately.
The nonlinear effects of high order modulation cause an
equalization error that corrupts the moment estimation and
that causes a gap between SSFM and two other methods.
For tackling with this problem, analytical methods can
help, which will be done in future works.
Fig. 19 Kurtosis comparison in 10 100 (km) SMF UT link with
parameters of System (A) according to Table1 with dual polarization 16QAM signals. Kurtosis for a Gauissian data set is 3.

5- Conclusion

Fig. 17 Performance comparison among three methods in 10 100 (km)
SMF UT link with parameters of System (A) according to Table1 with
dual polarization 16-QAM signals.

In addition, CD is another parameter that affects
Gaussianity of signal i.e. the signal is dispersed by
increasing the span number. By increasing the span
number, received signal kurtosis starts to converge to 3
(kurtosis of a Gaussian data set), which is shown in Fig.19
for 4 different powers. At high powers, kurtosis value is
higher due to nonlinear effect.

The statistics of the propagated signal in optical fiber
transmission system can be affected by nonlinear effects
which have a critical role in system performance
calculation. Nonlinear effects deviate propagated signal
probability distribution from the Gaussian distribution
(which is a typical assumption in modeling of optical
systems) when the launch power increases. In this paper,
two JB and AD tests have been used to measure the
deviation of propagated signal at different powers,
modulations, and span numbers. As a result of the
mentioned tests, propagated signal distribution starts to
deviate from Gaussian after the nonlinear threshold.
Therefore, the performance prediction methods based on
the Gaussian assumption are not accurate in the nonlinear
region. This paper extended the use of the Johnson
distribution for performance evaluation of coherent optical
systems with different kinds of signals; single carrier MQAM signals, multi-subcarrier QPSK transmission
systems are considered because of their higher nonlinear
robustness in comparison with single-carrier systems. We
also analyzed the performance of proposed method in dual
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polarization systems. Monte-Carlo simulation results were
used for verification of the proposed semi-analytical
approach, which is more accurate in different scenarios in
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